This paper proves that the typenumber of a tree T is independent of the number of the pages in a book-embedding, and is equal to either |D(T )| or |D(T )| + 1, where D(T ) is the set of integers which are degrees of the vertices of T . We then completely characterize trees having typenumber |D(T )| and trees having typenumber |D(T )| + 1.
Introduction and basic properties
A book is a set of half-planes (the pages of the book) that share a common boundary line (the spine of the book). An embedding of a simple undirected graph of G (a pair of vertices are connected by at most one edge) in a book consists of an ordering of the vertices of G along the spine (horizontal line) of the book, together with an assignment of each edge of G to a page of the book, in which edges assigned to the same page do not cross.
There are three germane measures of the quality of a book-embedding: the thickness (number of pages) of the book, the individual and cumulative widths of the pages, and the number of distinct vertex types. Throughout this paper we shall focus on the study of the third measure.
Given a p-page book-embedding of a graph G, each vertex v of G has an associated p× 2 matrix of nonnegative integers, called its type, where l v; i (respectively, r v; i ) is the number of edges incident to v that connect page i to vertices lying to the left (respectively, to the right) of v. Thus for each graph of order n and each p-page book-embedding, there are n types, one for each vertex and two types are di erent provided that the two matrices are not equal. It is interesting to know: among all the book-embeddings of G what is the minimum number of di erent vertex types, T (G). For its application, the number of types in a bookembedding relates to the amount of logic necessary to realize fault-tolerant arrays of processors using one speciÿc design methodology. The methodology views the desired array as an undirected graph, with vertices representing processing elements and edges representing communication links; the design process operates in two stages: ÿrst, the graph representing the desired array is embedded in a book; then, the book-embedding is converted to an e cient fault-tolerant layout of the array. The signiÿcance of the notation of vertex type is that the type of a vertex "tell" it what role to play in the fault-free processor array. Thus, the base-two logarithm of the number of vertex types is the number of control bits per processing element needed to conÿgure the array to its fault-free format [3, 4] . In any book-embedding of G, there are two speciÿc vertex types in the embedding: source and sink. A nonzero vertex type for a vertex v is a source if all l v; i = 0 and is a sink if all r v; i = 0. Clearly, every book-embedding of a graph has at least one source and one sink.
Let It is worth of pointing out that except the above result not much has been done in the study of the typenumber, see [1, 2] . In this paper, we study the typenumber of trees and we manage to ÿnd a characterization of this measure.
Main result
Proposition 2.1. The typenumber of a tree T restricting to 1-page book-embedding is equal to the typenumber of a tree T.
Proof. Let K be a p-page book-embedding of T , such that
We claim that there exists a 1-page book-embedding K of T such that
The proof is by induction on |V (T )|. It is obviously true when |V (T )| = 1. Suppose the statement is true for all trees on fewer than n vertices. Let T be a tree on n vertices and K be a p-page book-embedding of T and
Let u 0 v 0 ∈ E(T ) and v 0 be a leaf of T , W.L.O.G. let v 0 be a sink. Then T − {v 0 } is a subtree on n − 1 vertices and naturally K − {v 0 } is a p-page book-embedding of T − {v 0 }. By induction hypothesis, there exists a 1-page book-embedding K of T − {v 0 } such that
Now embed the vertex v 0 to the right of u 0 and no other vertices, and embed the deleted edge u 0 v 0 on the only page of K . Then the new embedding K is a 1-page book-embedding of T and satisÿes that
It is easy to see that the typenumber of a tree restricting to 1-page book-embedding is smaller than the typenumber of a tree of p-page book-embedding. Hence the proof is complete.
Obviously, a 1-page book-embedding K of a tree T provides an orientation of T by giving a directed arc → uv if uv ∈ E(T ) and u is embedded to the left of v on K. Conversely, for each orientation of T , to prove that there exists a 1-page book-embedding of T such that (v) = (d
respectively. In what follows, we let G be a tree without mention otherwise. And we shall focus on the orientation of G. Keep in mind that an orientation gives a 1-page bookembedding.
Proof. For any tree G, we can choose a root and then every edge can be oriented from the root toward its leaves. Let A be the adjacency matrix of the digraph G. For convenience,
where A i is a k × k matrix. Now, |A 2 | = (A 2 ) ij is equal to the number of arcs which is oriented from V 1 toward V 2 and |A 3 | is equal to the number of arcs which is oriented from V 2 toward V 1 . Since
are both forests and c(H ) denote the number of components in H:)
. So, we have
Hence |A 2 | = |A 3 | but this contracts to above. So, G is of type 2.
In order to obtain a clearer characterization, we need a couple of lemmas. First, for convenience, we call a vertex an i-vertex if the vertex is of degree i. As we have seen in previous results, N i plays an important role in determining the type of a graph. Here is another one. Lemma 2.7. If G is of type 1; then there exists an i = 1 such that N i is an independent set in G.
Proof. Let s and t be a source and a sink, respectively, of a book-embedding K which gives T (G) = |D(G)|. Clearly, (s) = (t), thus d(s) = d(t) and at least one of them is not equal to 1. W.L.O.G. let d(s) = i = 1. Now, consider N i and it is easy to see that N i is the desired independent set. For otherwise, the vertices in N i will provide at least two di erent types and this contradicts to the fact that G is of type 1.
Note here that by Lemma 2.7, a nonempty terminal set S does exist in a type 1 embedding. Corresponding to a terminal set S we deÿne a passing set P S , and for convenience we use u ∼ v to denote a path with end vertices u and v. Deÿnition 2.9. A subset P S of D(G) is called a passing set provided the following condition hold.
(1) P S ∩ S = where S is the terminal set.
(2) For each pair of vertices u and v in N S , there exists a vertex w ∈ N PS = i∈PS N i such that w is on a u ∼ v path; and for each w ∈ N PS , there exists a pair of vertices u and v in N S such that w is on a u ∼ v path.
Before we prove next lemma, we also need a deÿnition of special decompositions.
Deÿnition 2.10. Let R ⊆ V (G). Then a partition of E(G) into r sets E 1 ; : : : ; E r is called an R-decomposition provided that for each i = 1; 2; : : : ; r; E i = and for 16i = j6r, the edge-induced subgraphs
An R-decomposition is called maximal if the decomposition has maximum number of members, or intuitively a maximal R-decomposition can be viewed as a decomposition of G into branches by separating each vertex v of
By observation, every maximal R-decomposition decomposes G into connected subgraphs, and furthermore the decomposition is unique.
Lemma 2.11. Let P S be a passing set of G corresponding to a terminal set S. Then for each member G i in a maximal N PS -decomposition of G; G i contains at most one vertex of N S .
Proof. Let G 1 ; : : : ; G r be the members of the maximal N PS -decomposition of G. First, we observe that if v ∈ N PS , then v must be a leaf of a member in the decomposi-tion. For otherwise, the decomposition is not maximal. On the other hand, if there exists a G j of the decomposition which contains at least two vertices u and v of N S , then by the deÿnition of passing set, we have a vertex w ∈ N PS which is on a u − v path. Since G j is connected and G is a tree, w is a vertex in G j and w is not a leaf. This contradicts to the observation we have earlier. Thus, G j contains at most one vertex of N S .
Before giving the main characterization, we need deÿne the graph G * . Let P S be a passing set of G corresponding to a terminal set S, and G * be a graph obtained by letting V (G * ) = {u 1 ; u 2 ; : : : ; u r } ∪ N PS where u i is a vertex corresponding to a member G i in the maximal N PS -decomposition {G 1 ; : : : ; G r } of G and E(G * ) = {u j v | v ∈ N PS ∩ G j ; j = 1; : : : ; r}.
Combining (1), (2) 
